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LetAbeafinitelygeneratedandbirationalextensionofaNoetheriandomainRwhosegenerators
aresuperprimitiveoranti-integraLInthispaperwewilldeterminetherelationshipbetweentheunit
groupsU(R)ａｎｄＵ(A)(Theorem3)andthekemelofthehomomorphismofthePicardgroupsPic(R）
intoPic(A)(Theorem7）
ＩｎｔｈｉｓｐａｐｅｒａｒｉｎｇｗｉＵｍｅａｎａｃｏｍｍｕｔativeringwiththeidentityelement・Anintegraldomainwill
standfbraringwithoutnon-trivialzero-divisors・
LetRbeaNoetheriandomainandR[Ｘ]apolynomialringinanindetermmateXoverRLetKbethe
quotientfieldofRandLanalgebraicextensionofKLeｔａｂｅａｎｅｌｅｍｅｎｔｏｆＬＷｅｄｅｎｏｔｅｂｙ汀theR-
homomorphhsmofR[X]ｍｔｏＲ[α]definedbW(Ｘ)＝αLet。α(Ｘ)bethemonicminimalpolynomialof
aoverKandd＝thedegreeofdα(Ｘ）Wewillwritedα(Ｘ)ofthefbrmのα(Ｘ)＝Ｘ`＋り,Xd-1＋…＋りd
whereり,,…,りdareelementsofKThenﾜﾎﾟ（’三ｉ≦ｄ)areuniquelydeterminedbya、Wewillset
I,,`＝Ｒ:Ｒﾜﾎﾟ＝｛ｑＥＲ;αりにＲ}’１tα]＝ｎ是,L，`・
WewillcallI【α]thedenominatoridealofaItiseasilyseenthatItα]＝Ｒ[X]:Ｍα(Ｘ)Notethat
Iial＝IaifaisinKWesaythataisonti-jnte9MoverRifKer(汀)＝ルルR[XlThenotionof
anti-integralpropertyisintroducedin[4]mthecaseofbirationalextensions,andsubsequentlyin[3]in
thecaseofhigherdegreeextensionsWeknowthatanelementaofKisanti-mtegraloverＲｉｆａｎｄｏｎｌｙ
ｉｆＲ＝Ｒ[α]ｎＲ[ａ－１ｌ
Ｌｅｔｆ(Ｘ)beanelementofR[XlWedenotebyc(/(Ｘ))theidealofRgeneratedbyaUcoe缶cientsof
/(Ｘ)LetJbeanidealofR[Xlandc(J)theidealofRgeneratedbyanCoefficientsofelementsofJIfa
isanti-integraloverR,thenweknowthatc(Ker(汀))＝c(恥】‘α(Ｘ)Ｒ[X])＝1tα](1,り,，…，Ｗ)where
(1,り,，…，り｡)isanR-modUlegeneratedbyl,り,，…，WWewillset北]＝Ｌ](1,り,，…，〃`）
ＬｅｔＤｐ,(R)bethesetofallprimeidea｣spofRsuchthatdepth(ＨＰ）＝lAnelementaiscalled
supeM･jm伽eoverRif小]はpfbreverypofDp,(R）WewiUuseJb(insteadof化]mcaseaisinK
Sometimeswewilluse１１２，αandIR,ainsteadofIdandJdrespectively,Ifaissuper-prmUtiveoverR，
thenaisanti-integraloverR(Cf.[3])Bythedefinitionsuper-primitivepropertyischaracterizedbythe
setDp,(R）
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ThePicardgroupofafinitelygeneratedandbirationalextensionofaNoetheriandomain ３
Ｉｎｔｈｉｓｃａｓｅｗｅｄｏｎ，tknowwhetherzaissuper-prilnitiveoverRornot．
WewillconsiderasufEcientconditionfbrU(A)＝Ｕ(R)．
Proposition5・LetR6ealVbetAe流cllMomqmTD肋tﾉje9uotient此ＪｄＫＬｅｔａ６ｅａｎｅｌｅｍｅｎｔｑｆ
Ｋ⑩hjcハissUpeMrjm伽ｅｏひeγＲｑｎｄｓｅＭ＝Ｒ[α]・ＩｆＬｉｓｕｐｍｅｉｄｅａ！ｑ/Ｒａ刀ｄＪ６(≠Ｒ,ｔｈｅｎ
U(A)＝Ｕ(R）
ProofSetL＝p・LetβbeaunitoM､Thenwecamwriteβ＝ノ(α)andβ-1＝9(α)fbrノ(Ｘ),９(Ｘ）
inＲ[Xlmrthermorewrite
ノ(Ｘ)＝｡o＋０１，Ｘ＋…＋ｑｎＸｎ(ｕｉＥＲａｎｄＯ≦ｊ≦”)and，(Ｘ)＝６０＋b1X＋…＋ｂｍＸｍ(bjERand
O≦ｊ三ｍ).WemayassumethatmandnaJ【emmimalByProposition2weknowthaｔＵ(A)ｎＲ＝Ｕ(R)．
If”＝０，thenβ＝αoisinU(A)ｎＲ＝Ｕ(R)．Ｉｆｍ＝０，thenβ-1＝boisinU(A)ｎＲ＝Ｕ(R)，
henceβismＵ(R)．Sowemayassumethat〃＞Ｏａｎｄｍ＞OHomthefactl＝ノ(α)，(α)ｗｅｇｅｔ
ｌ－ノ(Ｘ)9(Ｘ)ＥＫｅｒ(汀)＝ん(Ｘ－α)R[X]・ThisimpUesthatQn6meIb1＝ｐ､Sincepisaprimeideal，
weknowthatcu冗ｉｓｉｎＬｏｒ６ｍｉｓｍＬ．Ｓｏｑｎ－，＋α泥ａｉｓｉｎＲｏｒ６ｍ－，＋ｂｍａｉｓｉｎＲ､Ｎｏｔｅｔｈａｔ
β＝｡｡＋α,α＋…＋(｡”-,＋α"α)α"-1
and
β-1＝６０＋6,α＋…＋(6m-,＋6mα)αm-1．
Thiscontradictstheminimalityｏｆ７Ｄａｎｄｍ、Sowegettherequiredresult．□
NextwewUlconsiderthecaseIb,isaprmeidealandJd＝Ｒ、
Proposition6・LetR6eqjVbethe面clndo7MnWjtﾉＭﾉie9zMenｵﾙﾉdKLeta6e0nelementQfK
tuhichissupeﾄp伽伽ｅｏＵｅｒＲＳｅＭ＝Ｒ[α]αndQssumetMLis0p伽ＭｌｅｏＪｑｆＲ,SoZ/,ｐａＭ
Ｊｄ＝Ｒ、Ｔｿhe､：
(1)１ftﾉiemee伽sone！eme"tqqfRsuc/MMrad(｡R)＝p,ｵﾉieM＝Ｒ[1/α］
(2)IfEad(αR)≠ｐ/breueTyelementqQfR,thenＵ(A)ｎＲ＝Ｕ(R)．
Prooｆ(1)Bytheequality(*)inPropositionlwehaveM＝Abecauserad(αR)コムーpand
JローRHenceR[1/α]ＣＡ
Ｌｅｔ/BbeanelementoMThenbytheassumptions,weseethatqismrad(αR)＝ｐ＝１６(・Thisshows
thataaisinR・HencethereexistsanaturalnumberrsuchthatarβｉｓｍＲ・ThisimpliesthaMisin
R[1/α],andsoR[1/αにＡ
（2)Ifrad(｡R)。p,thenrad(αR)＝pbyht(αR)＝LThisconradictstheassumptionof(2)Therefbre
U(A)ｎＲ＝Ｕ(R)byRem蚊４．□
LetＡ/Rbetheextensionofmtegraldomajnｓａｎｄ①thegrouphomomorphismofthePicardgroups
Pic(R)intoPic(A)definedbyqb(1)＝IAwhereIisaninvertibleidea1｡fRand-denotestheresidue
classmodulonon-zeroprmcipa1ideals・
WecannowcalculatethekernelofdMfanelementaismKandJbビーＲ,thenＲ＝Ｊムーム(１，α）
andsoLisanmvertibleidealofR．
Theorem7､比tR6eq1VOethe7伽ｄｏｍａｉ〃ｕ）jtMbe9Mjent化ＪｄＫＬｅｔａ６ｅｑｎｅ/ememQfKsuch
tMajscmi-伽e9mMerRSetA=Ｒ[α]αMJet①Ｍｈｅ伽叩homo，Ｍｐｈ伽QfPic(R)j〃toPic(A)．
AssumethatIMsup伽eidea1,ｓｑｐ,ｐｑＭＪと＝RmhelnKer(①)＝＜両＞＝Ｚ/ｔＺｕﾉﾉｗｅ＜ァ＞ｄｅＭｅｓ
４ Ken-ichiYosHIDA,KiyoshiBABAandMitsuoKANEMITsu
thes均、叩QfKer(⑪)geneMed6ythe泥s汕ecl0ssqfq河jnue伽leideu肋,ｔ＝nｍ{j;ｐｉｊｓｐｒｍｃｊｐａＩ
}ザtAemeeacistsa汀qtuMnum6erisucハォMPMsprmcjPqZqndt＝０がtﾉiemejsnosucﾉM
MOmeoue7,ｔｈｅｈｏｍｏｍｏ”hismqPisj可ectjueがα〃ｄｏ､ﾉﾝｻﾞPisPrmcjpal．
ProofLetFbeanintegralmvertibleidealofRsuchthatMisprincipalandsetM＝ノ(α)Ａｗｉｔｈ
ｆ(Ｘ)ｍＲ【XlWewilldivideintotwocasestoprovetheassertion、
case(1):ノ(α)isinR,say,ノ(α)＝α、
ＳｅｔＨ＝α-1Ｆ・ＴｈｅｎＨＡ＝(α-1F)Ａ＝ｑ－１ｑＡ＝Ａ・LeMbeanelementoM・Thenthereexistsa
natura1numberrsuchthatprpCRbecauseIα＝ｐａｎｄＡ＝Ｒ[α]bytheassumptionsSmceHA＝Ａ，
ｗｅｈａｖｅＨＣＡＨｅｎｃｅＨｉｓａｆｉｎｉｔｅＢｍｏｄｕle・TherefbreP〃ＨＣＲｆｂｒｓｏｍｅｎａｔｕｒａｌｎｕｍｂｅｒｎ・We
willtake〃asthesmaUestonesuchthatpWCRAssumethatpW≠Ｒ・ＴｈｅｎｐＡ＝Abecause
R＝ん＝I｡(1,α)＝ｐ(１，α)．Hence(ＰＷ)Ａ＝Ｐｕ＝AbecauseHA＝ABytheequality(*)。f
Propositionlwegetrad(ｐＷ)。'U＝ｐ・SincepandHareinvertibleofR,soispWFurthermore
ht(ｐＷ）＝１ｂｅｃａｕｓｅｐＷＣＲ、Ｈｅｎｃｅｒａｄ(ＰＷ）＝ｐ、ThisimpliesthatpWCp、Therefbre
p冗一'Ｈ＝ｐ－１ｐｎＨＣｐ－１ｐ＝Ｒ・Thiscontradictstheminimalityof〃．ＨｅｎｃｅｐねＨ＝Ｒ・Ｔｈｉｓｓｈｏｗｓｔｈａｔ
Ｈ＝p－，３，andhenceKer(｡)＝＜戸＞
case(2):ノ(α)iSnotmH
Setn＝deg((/(Ｘ))andwewilltake”asthesmaUestonesuchthatM＝f(α)ANotethatn＞０．
SetH＝｛6ｅＲ;ｂ/(α)ＥＦ},thenHisanidealofR､WewillproveF＝ノ(α)HItisclearfromthe
definitionofHthatFコノ(α)HLetQbeanarbitraryelementofF・Thenwecanwriteα＝ノ(α)，(α）
fbrsomM(Ｘ)ｉｎＲ[XlSetm＝deg(9(Ｘ))ｌｆｍ＝0,then９(α池ｉｎＨａｎｄｑｉｓｉｎｆ(α)Ｈ・Sowemay
onlyconsiderthecasem＞OWewilltakemassmaUaspossiblesuchthaM＝ノ(α)g(α)Smceais
anti-integraloverR,wegetf(Ｘ)g(Ｘ)－αＥＫｅｒ(汀)＝１６【(Ｘ－α)Ｒ[X］Letcbetheleadingcoeflicient
ofノ(Ｘ)andgtheleadingcoefIicientof9(Ｘ）ThencZﾉｅＬ＝p・Sincepisaprimeideal,weknowthat
cisinporZ/ｉｓｉｎｐ・ＨｅｎｃｅｃａｉｓｉｎＲｏｒＺﾉａｉｓｉｎＲ・Thiscontradictsthennnimalityof〃ａｎｄｍ、Ｓｏｗｅ
ｇｅｔＦ＝ｆ(α)HNotethatHCR,TherefbreHA＝(/(α)-1Ｆ)Ａ＝ALAssumethatH≠RBythe
equality(*)。fPropositionlwehaverad(H)。p6inceHisaninvertibleideal,weknowthatht(Ｈ）
＝lHencerad(Ｈ)＝ｐ,ａｎｄＨＣｐ・Ｓｏｐ~'ＨＣＲａｎｄＰ~'ＨＡ＝Ａ・Continuingtheargumentabｏｖｅ
ｆｂｒｐ－１Ｈ，ｗｅｃａｎｒｅａｃｈｔｈｅｒｅｓｕｌｔｐ”＝Hfbrsomenon-zerointegern．□
Thoughthefbllowmgresultisknown,wewiUgiveaprooffbrtheEeferenceSake(Ｃｆ［5,Proposition
l])NotethatabirationalextensionA/RiSflatifandonlyifAp＝IBpfbreveryprimeidealPoM
wherep＝ＰｎＲ．
Proposition8、ＬｅｔＲ６ｅａｍｎｔｅｇＭｄｏｍ０ｍｕｊｉｔハthe9uotient比ｌｄＫＱＭａ１,…,α"eJenze"tsqfK
SeM＝Ｒ[α,,…,α､］ＴﾉieM/Ｒｉｓ０/Ｍｅ⑳tensionが０，．０，MＷ(Id1n…nId")ＡﾆｰＡ
Proo迅WeshaUprovethe''if',part，LetPbeaprimeidealoMandsetp＝ＰｎＲ・Ｉｆｐコムェ、…nId感，
thenPつ(I6mn…ｎＬ魁)Ａ＝AThisisabsurdHencepコルⅢｎ…nId癖Thisimpliesthata1,…,αn
areinIBp・TherefbreACRj,､SowegetルーRpHencetheextensionA/RisHat・
Weshallshowthe''onlyif''partSupposethat(L1n…nIb【")Ａ＝AThenthereexistsaprimeideal
PoMsuchthatPっ(Id1n…nId厩)ASetp＝ＰｎＲ・ＴｈｅｎｐつＩａ１ｎ…ｎＩａ癌Bytheassumptions
theextensionA/RisHatandbirationaLThisshowsthata,,…,α”ａＪｙｅｉｎＡｐ＝RpThiscontradicts
thefactpつ１．，，．．．ｎＩａ麺．□
ThePicardgroupofafinitelygeneratedandbirationalextensionofaNoetheriandomain ５
ＬｅｔＲｂｅａＮｏｅｔｈｅｒｉａｎｄｏｍａｉｎｗｉｔｈｔｈｅquotientfieldKandFafractionalidealofR・Ｗｅｗｍｄｅｆｉｎｅ
Ｆ－１＝Ｒ:ＫＦ．
Theorem9・ＬｅｔＲ６ｅａｊＶＯｅｔﾉｶe伽，ＭｏｌＭｎ伽ZﾉＭﾉieqMjent比ＪｄＫＬｅｔａ１,…,αねｂｅｅ化ｍｅｎｔｓｑｆ
Ｋ⑪ｈjchaneanti-mtegMoUerR・ＳｅＭ＝Ｒ[α,,…,αｎｌｑＭａｓｓｕｍｅｔﾉmttheeztelzsjoM/ＲｊＭａｔ
Ｚ１ｌｊｅｎｔﾉｶe/ＭＯ伽ｇｈｏ/d；
(1)ＬｅｔＩ６ｅａｎ伽ertj6leideqJqfA(MsetF＝ＩｎＲＺ１ＭＦｉｓｄｄ航so面ａｌｊｄｅａｌｑｆＲα"dSati城es
rad(〃-1)コル!ｎ…ｎＬ歴,Ｉ＝ＦＡ
(2)CbnUe…ノリ,letF6eQMIeqMRsUcMjatrad(〃-1)コル,ｎ…ｎＩａ感、he河ＦＡjsanmUe7ti61e
ideclJqM．
Prooｆ(1)FirstwewillprovethatFisadivisorialidealofRLetI＝Ｑ１ｎ…nQmbetheirredundant
primaJ『ydecompositionandsetB＝rad(Qi)andpi＝ＢｎＲｆｂｒｌ＜ｊ＜ｍ・SinceIisaninvertibleideal
ofA,weknowthatBisinDp,(A)fbrl＜ｉ＜mFurthermore,p‘isinDp,(R)fbrl＜ｊ＜mbecause
theextensioM/RisHatNotethatF＝(ＱｊｎＲ)ｎ…ｎ(ＱｍＭ）WehaveAssR(R/F)Ｃ{P,,…ハル
Byrenumberingprimeidealsp1,…伽,wemaysetAssR(R/F)＝{P,,…,川｝(t三ｍ)．ItsufIicesto
provethat（(F)-1)-1瓦１，，＝ＦＲｐｊｆｂｒｌ三ｊ三tbecause(F－１)-1.Ｆ、SincetheextensionA/Ris
Hatandbirational,ｗｅｋｎｏｗｔｈａＭｐｊ＝Ｈ２,ｊＳｏｗｒｉｔｅＩＡｐｊ＝ＭＲｊｆｂｒｓｏｍｅａｉｎＩ・Ontheother
ha1nd,Mpj＝ＱｊＡＢ＝(ＱｊｎＲ)ＨＰゴーFRpj、HenceFRpj＝qAEj＝αRpj・Ｔｈｅｎ(F-1)-1IEP,＝
((αＨＰ，)－１)-1瓦pゴーqRpj＝FRpjHence(F-1)-1＝Ｆ,andFisadivisorialidealofR・
NextweshallshowthatM＝ITheinclusionbFAisobviousSincetheextensionA/RisfIat，
weseethatFAisalsoadiv遁｡rialidealofAInfactF＝1),,ｎ…ｎｌｂ『fbrsomeβ,,…,βrinKbecause
FisadivisorialidealofRHenceFA＝化、…ｎ恥,)Ａ＝Ii61An…ＭB涙Ａ＝Ｌ４β１，…ｎＬ`β扉,and
FAisalsoadivisorialidealoMLetPbeaprimedivisorofMThenPisinDp,(A).Ｓｅｔｐ＝ＰｎＲ，
thenルーRpNotingthatInR＝Ｆ,weobtainFA＝ｎ(FA)ｐ＝ｎＭｐ＝MIBp＝ｎ(IRpnjEp)＝
n(I非、岬)＝ｎＩルコIwheretheintersectionrunsthroughallprimedivisorsP'sofFASoweget
FTA＝I
Weshallpmvetheassertionrad(〃-1)。'αⅢｎ…nId"・SinceF-1＝Ｒ:KFandtheextensioM/R
isHat,weknowthatF-1A＝Ａ:ＫＦＡ＝Ａ:Ｍ＝I-1HenceA＝〃-1＝(Ｍ)(F-1A)＝〃-1A
ItisknownfiomthepropertyoftheflatextensionsthatthemorphismSpec仏)→Spec(R)isanopen
inⅡnersion、TherefbreSpec(R)－Spec(A）＝Ｖ(Id1n…ｎＬ"）LetpbeaprimeidealofRsuch
thatraｄＦＦ－１Ｃｐ、ＴｈｅｎｐＡ＝AbecauseFF-1A＝Ａ・ＨｅｎｃｅＺＤＩ６ｍｎ…１６【麺．Thisimpnesthat
rad(〃-1)フムュ、…ｎＬ"．
(2)Sincerad(〃-1)。Ibmn…ｎＬ鰹,ｗｅｈａＮ７ｅ〃-1Ａ＝AbyProposition8TherefbreFAisan
invertibleidealofA．□
References
[1]MKanemitsuandKYOshida,Anti-integralextensionsandunramifiedextensions,Ｍｑｔｈ.』.Ｏ剛＠ｍα伽U､,３６(1994)，5１－６２．
[2]HMatsumura,００ｍｍ…ｔｊＵｅＡ/ge6m(2nded.),Benjamin,NewYOrkl980．
[3]Ｓ・Oda,Ｊ・SatoandKYOshida,Highdegreeanti-integralextensionsofNoetheriandomains,０３Ｇk`ＭＭｚｔＡ.,３０(1993)，1１９１３５．
[41ＳＯｄａａｎｄＫ・YOshida,Anti-integralextensionsofNoetheriandomainS,Ko6eJ・ＭＧｔＬ５(1988),43-56.
Ken-ichiYosHIDA,KiyoshiBABAandMitsuoKANEMITsu６
[5】Ｊ・Sato,DenominatoridealsandtheextensionsofNoetheziandomains,Ｋｏ６ｅＬＭＭｂ・'９(1992),107-113.
[6]Ｋ・Ybshida,Onbiration乱integralextensionofringsandprimeidealsofdepthone,血…Ｊ２Ｍ回ｵﾊ.,ユ８(1982),4ｓ70.
